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ABSTRACT
A DESIGN PROCESS LEVERAGING POTENTIAL ENERGY IN PLANAR
MULTISTABLE MECHANISMS
Edward J. Dold, B.S.
Marquette University, 2022

Planar multistable mechanisms are used throughout engineering to
accomplish various tasks, for example residential electrical switching. The design of
planar multistable mechanisms can be broken into four areas: determination of
topology, geometric parameterization, analysis, and optimization. While topological
determination, many analysis techniques, and optimization are well developed,
geometric parameterization, which includes defining link lengths and spring
stiffness, has largely been left to engineering judgement.
This thesis presents a design methodology using potential energy graphs
which informs engineering decisions made in choosing mechanism parameters for
planar multistable mechanisms, giving designers higher confidence in the design. A
kinematic analysis coupled with Lagrange’s equation determines the relationship
between the mechanism parameters and the potential energy curve. Plotting the
potential energy with respect to the generalized coordinate yields a graph with a
slope that is the generalized force. The relationships between parameters and their
effects on the mechanism are difficult to observe in the equations of motion, but
potential energy plots readily provide information pertinent to the design of planar
multistable mechanisms and decouple their effects. This approach allows a simple
kinematic design rather than a complex kinetic analysis which requires simulating
differential equations, bridging the gap between the two analysis methods yielding a
faster method that provides pertinent information. The design process is applied to
three examples: a simple toggle mechanism, a compliant mechanism, and a
reconfigurable mechanism to show the nuances of the approach. Future work to
validate and improve the design process is discussed.
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CHAPTER 1
Introduction

1.1

Motivation
Planar multistable mechanisms, also termed toggle mechanisms, are used

throughout engineering designs to accomplish various tasks. Perhaps the most
common of these tasks is residential electrical switching of a light [1]. Bistable
toggle mechanisms are also found in circuit breakers [2], clamping mechanisms in die
casting machines [3], and locking mechanisms [4]. Bistable structures can be
expanded to have numerous stable positions, becoming multistable toggle
mechanisms [5]. This thesis focuses on bistable mechanisms but all discussions can
likewise be expanded to multistable mechanisms.
The design of toggle mechanisms can be split into four areas: determination
of topology, geometric parameterization, analysis, and optimization. The
determination of topology, many analysis techniques, and optimization are well
developed and will be discussed in Ch. 2. Geometric parameterization, which
includes defining link lengths and spring stiffness1 or values associated with other
potential energy components, is not well developed and typically relies on
institutional knowledge and a design-build-test methodology which leads to slow,
costly development. Creating a more informed design process utilizing
1. While not geometric, some other parameters like spring stiffness need to be determined at this point and are thus included in this step.
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mathematical models will reduce development time, reduce development cost, and
provide data informed design decisions leading to higher confidence in pre-prototype
designs. Plotting the potential energy of the mechanism provides designers with
insights otherwise obtained by numerous costly design-build-test cycles or
obfuscated by highly nonlinear equations of motion. Potential energy graphs
connect geometric parameters and mechanism behaviours through graph
characteristics that enable the efficient design of toggle mechanisms.
1.2

Background
Toggle mechanisms are mechanisms which exhibit unstable positions between

stable equilibrium positions. Figure 1.1 shows a basic example of a toggle
mechanism, a bistable mechanism. It consists of a link grounded with a pin joint on
one end and connected to a spring which has its other end connected to a grounded
pin joint. The toggle phenomena, or bistability, in a mechanism is defined by the
two stable equilibrium positions within the range of motion as well as the unstable
position in between [1]. Stable positions are created either by the inclusion of
stoppers or as a result of the geometry.
Current design processes provide little guidance on how to determine
mechanism parameters that fulfill customer requirements. While some provide a
basic framework of design steps, most rely on engineering judgement to adjust the
many parameters to create desired mechanism behaviours. Taking Fig. 1.1 as an
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Figure 1.1: A Simple Toggle Mechanism

example, the mechanism behaviours that need be defined include the location of the
toggle line, the location of stoppers on either side of the toggle line, and the moment
required to actuate the switch. Mechanism parameters that need to be defined
include the positions of the grounded joints connected to the link and the spring,
the length of the link, the spring constant, and the free length of the spring. While
this design may be straightforward, as the mechanism gains complexity the ease of
design is lost.
Additionally, once mechanism parameters that fit requirements are found, an
analysis considering the tolerances must be conducted to ensure that all devices
produced meet requirements. It would be unacceptable in the case of a light switch
if the tolerances were such that some switches were unable to pass the toggle line
before reaching the far stopper. Insight into the connections between mechanism
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parameters and behaviours is paramount in the ability of designers to efficiently
create toggle mechanisms that meet requirements.
1.3

Research Goal
The design process presented in this thesis provides a path from initial

topology concepts to mechanism design that meets customer requirements,
providing insight to the designer allowing them to make informed design decisions
and efficiently arrive to an appropriate design. The contribution of this thesis is to
combine the utilization of potential energy graph characteristics to show mechanism
behaviour with sensitivity analysis to inform the design of toggle mechanisms.
Potential energy plots provide a framework for the design of all types of toggle
mechanisms including but not limited to classical toggle mechanisms, compliant
toggle mechanisms, and reconfigurable toggle mechanisms.
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CHAPTER 2
Literature Review

2.1

Background
Mechanisms consist of links interconnected by joints generally used to

perform a task. The task for which a mechanism is designed determines the type of
mechanism used and the synthesis process needed to create it. Many attempts to
classify mechanisms have been made, but there is no distinct, complete set of
categories. The three classifications used in this thesis are Classical, Compliant, and
Reconfigurable2 . As stated in Stanisic [7], classical “mechanisms are mechanical
devices that consist of a system of interconnected rigid links”. As stated in Howell’s
book [8], “compliant mechanisms gain at least some of their mobility from the
deflection of flexible members rather than from movable joints only.” Reconfigurable
mechanisms can be either classical or compliant and according to Dai et al. [9],
“have a property of generating different topological configurations and variable
mobility for reconfigurability and for various task requirements”. These three
categories will be used as examples throughout this thesis as they encompass a
variety of mechanisms and toggle mechanisms can be made from any of these types
of mechanisms.
2. Efforts have been made to better categorize what are commonly referred to as
reconfigurable mechanisms. The mechanisms used in this thesis as reconfigurable
fit within the mechanisms of variable topology category according to Slaboch [6];
however, due to general acceptance in the broader engineering community they will
be referred to as reconfigurable.
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Figure 2.1: A Simple Toggle Mechanism (repeated from Fig. 1.1)

Toggle mechanisms exhibit unstable positions between stable equilibrium
positions. These positions are created through stiffness in the mechanism which
traditionally comes from a spring component, but can be derived from other sources
like the deflection of flexible members in compliant mechanisms. Fig. 2.1, repeated
from Fig. 1.1, shows a basic example of a classic toggle mechanism, a bistable
mechanism. It consists of a link grounded with a pin joint on one end and
connected to a spring which has its other end connected to a grounded pin joint.
The toggle phenomena, or bistability, in a mechanism is defined by the two stable
equilibrium positions within the range of motion as well as the unstable position in
between [1]. Stable positions are created either by the inclusion of stoppers or as a
result of the mechanism geometry.
Reconfigurable mechanisms within the toggle mechanism space combine a
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Figure 2.2: A Reconfigurable Toggle Mechanism

component with stiffness and joints that change to create different topological
configurations or variable mobility as discussed by Dai et al. [9]. Fig. 2.2 shows an
example of a reconfigurable toggle mechanism. This mechanism is reconfigurable
due to the clamping action. When φ goes to zero, r2 locks in place and no longer
moves. At this point, the spring begins to compress as the input link continues to
move. The change in function of the spring from rigid link to compressible spring
makes the mechanism reconfigurable. Reconfigurable clamping mechanisms as seen
in Fig. 2.2 are a combination of a classical mechanism before φ goes to zero and a
classical toggle mechanism as seen in Fig. 2.1 after φ reaches zero.
Compliant mechanisms behave similarly to classic toggle mechanisms
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Figure 2.3: A Compliant Toggle Mechanism

however instead of using springs as is typical with classic toggle mechanisms one or
more of the links of a compliant mechanism elastically deform. Fig. 2.3 shows an
example of a compliant mechanism where link r3 is able to deform. The compliant
link, r3 , is shown as the combination of a rigid link and torsional spring, an
approximation called the pseudo-rigid body model [8]. The evaluation of compliant
mechanisms often uses the pseudo-rigid body model which will be followed in this
thesis [8, 1].
In addition to these classifications, toggle mechanisms can be classified as
either bistable or multistable. The stability of toggle mechanisms refers to the
number of positions in which the mechanism will remain. For example, the toggle
mechanism in Fig. 2.1 is bistable as it has one unstable position (at the toggle line)
and two stable positions. Multistable mechanisms can have any number of toggle
lines and stable positions. Additionally, not all mechanisms with compliance are
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toggle mechanisms. The analysis presented is based on the evaluation of the
stiffness in a mechanism, so any mechanism with stiffness can be evaluated with the
methods presented.
Many synthesis and analysis techniques can be found for classical and
reconfigurable mechanisms. Works by Stanisic [7], Müller [10], and Malak [11]
amongst others show the analysis and synthesis of classic mechanisms. Howell [8]
delves into the analysis and synthesis of compliant mechanisms. The same cannot
be said when it comes to toggle mechanisms. Largely due to the varying ways to
classify mechanisms, and adding toggle criterion further obfuscating the
classifications, design methods for the synthesis and analysis of toggle mechanisms
are not well defined. Parts of the process are well studied, while others are left to
engineering judgement to fulfill requirements. This thesis outlines a design process
for toggle mechanisms filling gaps between the existing, well defined portions of the
process. This thesis is presented in terms of bistable mechanisms, however given
that multistable mechanisms can be thought of as a combination of multiple
bistable mechanisms, all analysis and synthesis techniques can be extrapolated to
the multistable case.
2.2

Introduction
An ideal design process for toggle mechanisms would be applicable to any

mechanism type. The design process presented in this thesis leverages potential
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energy and other techniques that are applicable to a broad range of mechanisms.
The design of toggle mechanisms can be split into four areas: determination of
topology (type synthesis), geometric parameterization (dimensional synthesis),
analysis, and optimization.
A mechanism’s topology refers to the existence and relation of the links and
joints in a mechanism [10]. Determination of topology for a mechanism, therefore,
refers to finding the number of links and joints to be present in a mechanism, and
how they will be arranged. The determination of mechanism topology has been
vastly studied, and thus will not be a focus in this thesis. A review of existing
methods is presented in Sec. 2.3.
Once a topology has been determined, the lengths of the links, spring
constants, locations of grounded joints, stopper locations, and other geometric
parameters of the mechanism need to be determined. This process is referred to as
geometric parameterization. Numerous approaches exist for geometric
parameterization such as those seen in McCarthy [12]; however, this process is
typically completed relying on institutional knowledge. Analysis often heavily relies
on design-build-test methodologies which cause long development times and high
testing costs. Further discussion on this process is presented in Sec. 2.4.
After feasible geometric parameters of the mechanism are determined, they
are optimized to best meet the requirements. Optimization has been applied to
mechanisms in different ways, namely to enhance a specific attribute like torque
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amplification or force output. Any number of mechanism outputs can be the target
of optimization, and many optimization routines have been developed. A review of
existing mechanism optimization techniques is presented in Sec. 2.6.
To determine the target of optimization, an analysis must be performed.
There are different types of analysis that can be performed based on what needs to
be evaluated. Some options include force analysis, dynamic analysis, and tolerance
analysis. Tolerances in toggle mechanisms require special consideration as they can
substantially change the operation of the mechanism. Discussion of these topics is
presented in Sec. 2.5.
When an optimization target is difficult to determine due to unknown
requirements or many design alternatives being considered, a sensitivity analysis
may be used. Sensitivity analyses determine the effect inputs have on a given
output. Sensitivity analyses based on variance shows how the variance of the inputs
affect the variance of the output. Knowing this relationship shows where
improvements in the design will have the greatest impact on the variation of
mechanism performance. Further discussion is presented in Sec. 2.5.4.
2.3

Determination of Topology
Several design processes have been developed for toggle mechanisms. These

processes can generally be broken into two sub-processes: topological synthesis and
topological analysis. Topological synthesis is well defined and following the
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Figure 2.4: Olson et al.’s [13] Approach to Topology Determination

processes presented yield several candidate mechanism topologies. In contrast, the
topological analysis methods rely heavily on designer experience. Thus, this thesis
uses the topological synthesis methods from these prior processes, and improves the
topological analysis methods to provide insight to inform design decisions and rely
less on designer knowledge.
The first step in designing a toggle mechanism is determining an appropriate
topology and layout of the mechanism. This process has been studied extensively
and several methods have been developed. Olson et al. [13] propose a method shown
in Fig. 2.4 which will be the method followed by this thesis. The layout is found by
first determining the basic topologies and assigning the ground link to as many
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Figure 2.5: Olson et al.’s [13] vs. Deb and Sen’s [14] Approach to Topology Determination
places on each topology as possible. This process provides guidance in going from
topology to mechanism layout; however, it develops many options from each
topology candidate which is time intensive to sift through. A graph theory approach
is discussed which can be used to leverage current computational power to help
narrow these options once again to those that fulfill the requirements.
Deb and Sen’s [14] approach follows the same structure as Olson et al.’s. Deb
and Sen’s approach steps through the requirements of the mechanism and the toggle
to determine possibilities instead of finding as many topologies as possible. Their
approach compared to the one presented by Olson et al. can be found in Fig. 2.5.
Deb and Sen introduce several sets of criteria which help inform the creation of the
topology. Once several candidate topologies have been determined, the options are

14

Figure 2.6: Olson et al.’s [13] vs. Yan’s [15] Approach to Topology Determination

narrowed by assigning functions to links and double checking they still meet the
needs of the mechanism. It is noted that a given topology can manifest into a variety
of mechanisms. However, this method relies largely on previous knowledge of how
requirements correlate to design options and determining if the criterion presented
are applicable to the desired design. There are several analytical methods presented
especially in regard to structural analysis and embodiment design which may do
well in aiding the determination of a topology; however, the general approach of
Olson et al. provides clearer structure and thus will be followed in this thesis.
Another approach developed by Yan [15] again follows the same process but
identifies mechanisms with similar uses to the desired new mechanism and
transforms it into a topology using a process called generalization. Yan’s approach
compared to the one presented by Olson et al. can be found in Fig. 2.6. With the
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topology identified, it is then modified to create a portfolio of new topologies as
candidates for the new mechanism. Utilizing the topologies of mechanisms which
complete similar goals provides confidence that a similarly developed mechanism
will be able to meet the requirements. While Yan’s process overall is less detailed
than that presented by Olson et al. or Deb and Sen, leveraging the kinematic chain
of existing mechanisms which perform similarly to the desired new mechanism may
help speed the design process. Given the greater depth of the Olson et al. process, it
will be followed in this thesis.
Park et al. [16] follow Yan’s [15] process; however, it is highly specified for
clamping applications. Due to the strong resemblance between Yan’s and Park et
al.’s processes, a new figure was not constructed as it is fundamentally the same as
Fig. 2.6. Park et al. note that some restrictions and design decisions can be made to
help narrow the field of options when it comes to determining candidate kinematic
chains, but this is largely based upon engineering judgement.
Ample research has been published on the process of determining topologies
for a mechanism. This thesis will follow the process presented by Olson et al. [13] as
they break the process out into logical steps, present several analysis techniques,
and create many candidate topologies. Utilizing portions of the other processes
discussed may be useful depending on the application of the desired mechanism.
Given the extensive research in this area of toggle mechanism design, further
discussion will not be included in this thesis.
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2.4

Geometric Parameterization
The second step is to determine the geometric parameters (e.g., link lengths,

spring constants, grounded link, stopper locations, etc.). The process of geometric
parameterization historically relies more on engineering experience than a fully
defined process. The main focus of this thesis is development of a geometric
parameterization process that informs design decisions.
Deb and Sen’s [14] method is a trial and error approach which utilizes
geometric synthesis and mass embodiment as a guide but much of parameterization
cannot be determined with these methods. In addition, geometric synthesis and
mass embodiment assume all joints are revolute which eliminates the possibility of
use with toggle mechanisms which require prismatic joints (i.e., the springs).
Park [16] geometrically parameterizes using a genetic algorithm with the link
lengths as optimization parameters. Park’s method maximizes the
torque-amplification ratio, a goal specific to the clamping mechanism with a specific
mechanism layout. This process could be applied in other applications, and even
with multiple optimization targets if required. The downside, however, is the time
intensive calculations required to get results. When designing a new mechanism it is
desirable to get at least preliminary results as quickly as possible to narrow the field
of candidate mechanisms.
Yan [15] particularizes the kinematic chains (the reverse of generalization) to

17
get a topology. This method provides what parts of the topology become joints and
what becomes links, but does not provide a way to determine the geometric
parameters of the mechanism. No further geometric parameterization methods are
discussed.
Olson et al. [13] present an approach similar to Deb and Sen, but rely
completely on the designer to determine dimensions based on functional
requirements. The overarching steps of determining and analyzing dimensions based
on functional requirements are listed in the design process but not expanded upon
in the paper, leaving much to be desired in terms of a process to determine
mechanism dimensions.
As seen in the literature presented, there is little to no guidance discussed to
determine the geometric parameters of toggle mechanisms despite existing methods
such as those in McCarthy [12]. The majority of processes presented rely heavily, if
not completely, on the ability of the designer to determine the dimensions based on
the requirements. Park’s work could be expanded for use with a variety of
mechanisms, but the computationally heavy optimization is not desirable in the
early stages of the design process where many candidate mechanisms need to be
sifted through to find the proper mechanism for the application. For these reasons,
geometric parameterization will be a key topic discussed in this thesis. A method
utilizing potential energy is presented that can be applied to many types of toggle
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mechanisms and quickly narrow a field of options. In addition, optimization routines
can be applied to the potential energy approach once the options have been sifted.
2.5

Analysis
Many types of analyses can be applied to toggle mechanisms to evaluate the

design and provide optimization targets. Static force analysis, as the name implies,
evaluates the force transmission through the toggle mechanism, which can
determine if the mechanism will pass the toggle position as well as the force that
will be output. A dynamic analysis provides some useful outputs along with many
that are not necessary in the early stages of design making the overall benefit of this
analysis questionable given the computational cost. Static force and dynamic
analyses have been thoroughly studied. A brief overview of each are presented in
Sec. 2.5.1 and Sec. 2.5.2 respectively. References are presented; however,
background on these analysis methods can be found in many sources.
Tolerance analysis, which can include the tolerances of components along
with the tolerances of the manufacturing and assembly processes, is useful in
determining the robustness of the design. Special consideration must be made to
the tolerance analysis of pin joints in toggle mechanisms to ensure they are
accurately represented, as tolerances have high influence on performance.
Sensitivity analysis is useful in determining the inputs that have the greatest
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effect on the output. Many types of sensitivity analysis have been developed, so the
technique most useful in the design process must be determined.
2.5.1

Static Force Analysis
Static force analysis looks at the forces transmitted through the components

of the mechanism to determine the force needed to move the mechanism past the
toggle point as well as the force transferred to the output [16, 17]. Given that for
toggle mechanisms interest lies in the forces at the stable points and the toggle
point, a quasi-static method can be applied to determine the forces. The force
analysis can be calculated using standard statics and kinematics [8] using methods
found in any textbook.
2.5.2

Dynamic Analysis
Dynamic analysis looks at the relation between the forces acting on a

mechanism and its motion [18] which is of interest as many design requirements
focus around forces of different mechanism poses. The glaring down side to this
form of analysis is that singularities (like toggle points) can create multiple
solutions, which an iterative analysis process can jump between without warning. In
addition, a full dynamic analysis has high computational requirements which
increase in relation to the number of degrees of the system. For a design like a
toggle mechanism with many components this makes a dynamic analysis
impractical. Additionally, while automatic dynamic simulation and generation of

20
the equations of motion can be implemented, it relies heavily on information such as
link mass and link shape and does not provide the design insights needed in early
stages of the design process.
2.5.3

Tolerance Analysis
Changes in the effective link lengths due to pin joint tolerances or to link

tolerances can affect whether the mechanism will pass over the toggle line, move the
toggle line entirely, or change the pose at which the mechanism will cross the toggle
line. Given the importance of tolerances on the performance of the toggle
mechanism, tolerance analysis of the mechanism and specifically of pin joints should
be explored.
Rhyu and Kwak [19] present a method for utilizing the clearance of pin joints
in mechanisms as a design criterion. Taking the radial clearance between the pin
and hole, a clearance circle is created within which it is assumed the center of the
pin can be located at any point with equal probability. The mechanism can then be
evaluated and optimized.
Lee and Gilmore [20] describe a similar method of evaluating a mechanism
using the clearance of pin joints, but also include the tolerance on components. The
nominal link is combined with the variation caused by the clearance in the joint,
calculated with the same clearance circle method as Rhyu and Kwak, to create an
effective link used in analysis. With this process, tolerances can be assigned to the
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link, pin, and hole to be included in the analysis. In addition, Lee and Gilmore note
that the clearance can be taken not only as a random distribution, but can be
modeled as the pin in constant contact with the hole. The constant contact effective
length method of modeling joint clearances will be used in this thesis as the springs
bias the joints components to always be in contact.
Wu and Rao [21] use the same effective link method along with an interval
approach to model the tolerances and clearances in mechanisms. While they say
this method leads to a more realistic estimation of the analysis results, the need to
solve systems of nonlinear interval equations make this method less desirable for use
with a sensitivity analysis and in this thesis.
Zhang et al. [22] evaluate the reliability of radially retractable roofs where
the effective link model is used to evaluate the link and clearances. Zhao et al. [23]
also use the effective link model to evaluate clearances in assemblies. While the
effective link model was developed in 1969 by Gerrett and Hall [24], many others
continue using this method as seen in [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] and
the references contained therein, showing it is still the state of the art. The effective
link model will be used in this thesis to evaluate the effect of pin joint clearances on
the operation of mechanisms. Further, as toggle mechanisms constantly have
internal forces from the components with stiffness, the constant contact model
proposed by Lee and Gilmore [20] will be followed in this thesis. Additionally, this
approach integrates well with sensitivity analysis.
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2.5.4

Sensitivity Analysis
Sensitivity analysis is used to test the robustness of designs. It shows what

inputs have the greatest affect on the output, pointing designers to the inputs that
should be the focus of improvements. Sensitivity analysis is broken into two
categories: local and global.
Local sensitivity analysis evaluates the derivative of an output with respect
to an input to determine the effect that input has on the output. As Saltelli et al.
[36] discuss, overall analysis time is high as ad hoc coding is needed for each
computation. Additionally, “the fatal limitation of a derivative-based approach is
that it is unwarranted when the model input is uncertain and when the model is of
unknown linearity. In other words, derivatives are only informative at the base
point where they are computed and do not provide for an exploration of the rest of
the space of the input factors” [36]. For an overall evaluation of the model, global
sensitivity analysis is used.
Global sensitivity analysis explores the entire input space to determine the
sensitivity of the output with respect to the inputs. There are many methods of
analysis within the global sensitivity space. Some of these methods include βi2 ,
scatter plots, fractional factorial, elementary effects, variance based, metamodeling,
and Monte Carlo filtering [37]. Saltelli et al. [37] explore these methods in greater
detail. For the purpose of this thesis, a variance based method is used. A variance

23
based method was chosen due to its ability to cope with nonlinearities, cope with
interactions, low CPU time per run, and relatively low cost of analysis while
providing valuable information on how the variance of the inputs affect the variance
of the output [37].
The use of variance in sensitivity analyses is widespread. Hora and Iman
[38, 39] developed several methods for the evaluation of uncertainty based on
contributions of individual factors. Two of the measures are based on the law of
total variance, which will be discussed further in Sec. 3.2. They note that the
measure is not conditional on any assumed value of the input variables and is easily
interpreted. They also note a drawback: the measure is time consuming to compute.
Ishigami and Homma [40] later developed a Monte Carlo based computer model to
make the calculations more accessible.
Saltelli et al. [37] compare fifteen methods of sensitivity analysis. They find
the analysis proposed by Hora and Iman to be the most reproducible and accurate,
and also note that the computations can be reduced by the Monte Carlo method
proposed by Ishigami and Homma [40].
Sobol’ indices were developed by I.M. Sobol’ [41, 42]. Part of this index is
the uncertainty importance factor defined by Hora and Iman [38]. Sobol’ normalizes
by the total variance so all indices fall between 0 and 1 allowing for a more
meaningful evaluation of the indices given the bounded scale. Homma and Saltelli
[43] discuss Sobol’ indices and verify the results against other sensitivity analysis
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methods. Sobol’ indices are also a topic discussed in several textbooks covering
global sensitivity analysis methods [44, 36]. For these reasons, Sobol’ indices will be
the sensitivity analysis measure used in this thesis.
As with the sensitivity analysis developed by Hora and Iman, the
computational cost to compute Sobol’ indices are high. Sobol’ [42] introduces a
Monte Carlo method similar to Ishigami and Homma [40] to reduce the necessary
computations.
According to Merriam-Webster.com, Monte Carlo is “relating to or involving
the use of random sampling techniques and often the use of computer simulation to
obtain approximate solutions to mathematical or physical problems.” Tolerances are
applied to the appropriate components (in the case of a mechanism often the link
length, spring constants, etc.) and a distribution of possibilities within that
tolerance range is created. Numerous configurations are virtually built with
components randomly selected from the distribution [45]. In this way, a properly
built model can represent not only the design of the mechanism itself, but also the
manufacturing and assembly process. Calculations are performed for each virtual
configuration to determine the desired mechanism outputs which are then used to
evaluate the mechanism.
Monte Carlo analyses reduce computation cost by estimating integration as
discussed by Weiss [46] and Kroese et al. [47]. Sobol’ goes through the application
of the Monte Carlo estimate of global sensitivity indices [42]. The outputs from the
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virtual configuration calculations are used to approximate the integrals found in the
calculation of the indices. This thesis follows the statistical definitions of Sobol’
sensitivity indices for ease in calculations, using the Monte Carlo approach to
estimate integrals as needed.
2.6

Optimization
Optimization is a powerful tool that can be leveraged to quickly refine

designs. Optimization has been used throughout engineering, applied to many types
of mechanisms, and utilized along with potential energy. The results from
mechanism analysis are used as inputs to optimization routines. Utilizing
optimization techniques in conjunction with the synthesis process presented will
quickly narrow designs to meet requirements.
Park et al. [16] use virtual work to determine the relationship to be
optimized for maximum torque-amplification ratio when optimizing a mechanism
used as a clamping unit. They use a genetic algorithm to conduct the optimization
due to nonlinearities in the system. Similar to Park et al., Ngo et al. [48] use genetic
algorithms to optimize a compliant mechanism for symmetric force output.
Radaelli and Herder [49] successfully show that potential energy can be
implemented as the objective of an optimization routine. They use a shape
optimization procedure to tune the behavior of their mechanism, creating potential
energy fields to visualize the energy in the system and understand how it moves.
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The objective function is created to find constant potential energy for all mechanism
poses. The potential energy of a mechanism is used in this thesis to design toggle
mechanisms and can be incorporated into an optimization routine to create designs
that meet requirements.
Many optimization methods exist and have been extensively utilized and
categorized. Saitou et al. [50] present many types of optimization and their use
cases, citing over 200 references in the process. Venter [51] also presents a review of
optimization routines, discussing those commonly used in engineering applications.
Dieter and Schmidt [52] discuss several optimization methods and their respective
use cases as well.
Ample research has been published on optimization. Many optimization
routines have been developed that can refine designs to meet requirements.
Potential energy is used in some routines, and thus optimization paired with
potential energy objectives can be used to quickly refine designs. Given the
extensive research in this area of toggle mechanism design, further discussion will
not be included in this thesis.
2.7

Summary of Literature Review
As seen in the literature, there are well established methods for determining

a portfolio of topologies for a mechanism and for optimizing the parameters of a
mechanism to fulfill certain requirements. However, the process of going from a
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topology to a parameterized mechanism is lacking. While some work has been done
to determine such a process, most of the methods rely heavily on engineering
judgement. The determination of mechanism parameters described in Ch. 4 is the
main topic of this thesis.
Like the determination of mechanism topologies, many analysis techniques
are well established. This thesis will focus on using potential energy to incorporate
tolerance and sensitivity analysis into the design process. Analysis of the mechanism
shows if the design meets requirements and provides the inputs to optimization.
Optimization also has many processes that are well established. Any number
of optimization routines can be applied to refine mechanism parameters to meet
specifications. This process is well established and will not be a focus in this thesis.
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CHAPTER 3
Fundamental Theory

This thesis focuses on the extension of the Olson et al. [1] process discussed
in Ch. 2 to a full design process by leveraging potential energy and sensitivity
analysis. While both potential energy and sensitivity analysis are well established,
the inclusion of these topics in the proposed extended design process warrants a
discussion on fundamental theory.
3.1

Potential Energy in Design
As discussed in Sec. 2.6 potential energy is used in mechanism design,

namely as an optimization target. Potential energy is applicable to any toggle
mechanism which makes it an apt design parameter in a design space that is
difficult to categorize. Additionally, potential energy can be used to fill the gap
between kinematic and kinetic analyses which is necessary as discussed in Sec. 2.5.
Plotting the potential energy as a function of position yields a visual tool that both
relates to the kinetics needed for design and provides a comparison between
mechanisms to determine the proper parameters. However, before these advantages
can be realized, the nature of potential energy needs to be defined.
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3.1.1

Potential Energy Definition and Use in Analysis
Potential energy is classically defined in terms of work. The change in

potential energy is the work done by a conservative force, or mathematically

W1→2 = V1 − V2

(3.1)

where W1→2 is the work done from state 1 to state 2, V1 is the potential energy of
state 1, and V2 is the potential energy of state 2 [18]. Potential energy is an abstract
concept used to describe this relationship. Additionally, potential energy is purely
state dependent (i.e., conservative), which makes it closely related to the kinematics
of the mechanism.
As a mechanism moves, the potential energy in the mechanism changes; this
change can be visualized by plotting the potential energy at varying mechanism
poses. The choice of the independent variable (i.e., the generalized coordinate) is
important to the interpretation of the graphs. The slope of the graph correlates the
generalized coordinate and potential energy to the forces/moments in the
mechanism. The relationship between the slope and the forces in the mechanism are
determined by the third term in Lagrange’s equation,

d
dt



∂T
∂ q̇j


−

∂T
∂V
+
= Qj ,
∂qj ∂qj

j = 1, 2, ..., N

(3.2)
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where T is the kinetic energy, V is the potential energy, qj is the generalized
coordinate, Qj is the generalized force, and j is the index accounting for N
generalized coordinates [18].
The partial derivative of the potential energy with respect to the generalized
coordinate, the third term in Equation 3.2, is the generalized force (or generalized
moment, depending on the system) required to quasi-statically balance the
mechanism. In a quasi-static case where inertial forces are negligible the T terms go
to zero and the generalized force is equal to the partial derivative of the V term.
Thus, the generalized coordinate determines the type of force/moment shown in the
plot. Specifically,
Each generalized force is the net effect of the force system to cause the
associated generalized coordinate to increase [18].
In other words, the generalized force is the force that causes work on the generalized
coordinate which will move the mechanism.
The generalized coordinate must be chosen with care. For simple toggle
mechanisms, the choice of generalized coordinate is often apparent. The evaluation
of multistable mechanisms may require multiple generalized coordinates or it may
be necessary to evaluate transitions separately, evaluating each stage of the
transition with respect to a distinct reference coordinate. Radaelli and Herder [49]
discuss how potential energy plots are applied to spatial mechanisms with the
resulting plots being a surface for three dimensions. The same process and
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principles used with planar mechanisms can be extrapolated and applied to higher
dimensional mechanisms.
3.1.2

Potential Energy in Mechanism Design
Potential energy stored in toggle mechanisms enables their bistable

behaviour. When the mechanism is in one of the stable positions, which is either a
result of the mechanism parameters or defined with stoppers, it exists in a minimum
potential energy state. The toggle line as seen in Fig. 1.1 depicts the location of
maximum potential energy which is an unstable energy state. When the mechanism
is directly aligned with the toggle line, any bias to either side will send it toward a
lower energy state until it reaches a stable position (typically at the stoppers).
Potential energy is found from several sources in mechanisms. The amount of
potential energy in a spring is calculated by

1
V = k (L − Lo )2
2

(3.3)

where V is the potential energy, k is the spring constant, L is the length of the
spring, and Lo is the free length of the spring. In a similar way, gravitational
potential energy is calculated using

V = mgh

(3.4)
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where m is the mass, g is the gravitational constant, and h is the height difference
between the center of mass and a fixed datum. Due to its conservative nature, any
source of potential energy (e.g., magnetic, torsional spring, etc.) can be included in
the analysis of the mechanism by adding the potential energy contributions of each
source to the total.
3.1.3

Application of Potential Energy in Mechanism Design
Utilizing potential energy graphs is not limited to classical toggle

mechanisms with physical springs. Other mechanisms such as reconfigurable
mechanisms, compliant mechanisms, and tensegrity mechanisms can be evaluated
with a potential energy approach but require extra care.
Due to the nature of reconfigurable mechanisms changing while in motion,
for example from a slider mechanism to a rotational mechanism, the generalized
coordinate changes. As the mechanism switches from one generalized coordinate to
another, the interpretation of the slope of the graph and the units associated need
to be re-evaluated. For these situations it is recommended that a new graph be
created for each generalized coordinate.
To view the mechanisms’ overall operation it may be helpful to plot potential
energy with respect to time instead of the generalized coordinate. This approach
allows for a single plot but is only an overall representation and the slope no longer
relates to the generalized force. This plot is used for reference to visualize how the

33
mechanism will behave, but separate plots each with respect to the proper
generalized coordinate should be used to evaluate the generalized force.
Nuances must be noted when working with compliant and tensegrity
mechanisms. Xu and Luo [53] discuss how the storage of potential energy within
compliant and tensegrity mechanisms lies within the structure itself. In these cases
the link’s flexure contains the potential energy as would a spring in a classical
mechanism. Ophdal et al. [1] discuss the use of the pseudo-rigid-body model to
evaluate the potential energy in flexible components.
3.2

Sensitivity Analysis in Design
As discussed in Sec. 2.5.4, sensitivity analysis is used to test the robustness

of designs. While many sensitivity measures exist, in this thesis Sobol’ indices will
be applied to the potential energy output.
3.2.1

Sensitivity Analysis Definition and Use in Analysis
Upon completing the analysis of a mechanism changes to the design are

made to align the outputs with the requirements. Sobol’ sensitivity indices show
what inputs have the greatest affect on the output. Sobol’ indices are defined as

Si =

V ar(E(Y |Xi ))
V ar(Y )

(3.5)

where Si is the sensitivity index for the ith input, Y is the desired output, Xi is the
ith input, V ar is the variance, and E is the conditional expectation [36]. The
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potential energy in the mechanism is the desired output Y . The indices tell the
impact the variance of the inputs have on the variance of the output.
Sobol’ indices are based on the law of total variance which states that the
variance of the output is equal to the conditional expectation (mean) of the variance
of the output with respect to the input plus the variance of the conditional
expectation (mean) of the output with respect to the input. Mathematically, the
law of total variance is

V ar(Y ) = E(V ar(Y |X)) + V ar(E(Y |X))

(3.6)

where Y is the desired output, X is the input, V ar is the variance, and E is the
conditional expectation [46, 54, 55]. The conditional expectation is the expected
value (mean) on the conditioned distribution, in this case for a given set of inputs X.
Given the proper setup of the inputs, the third term in Eqn. 3.6 represents
the variance of the output as a specific input changes. Setting up the inputs
properly involves having a set with a constant value for one input and values taken
from appropriate tolerance distribution for the others. That set is repeated several
times with various values of the constant input. The conditional expectation of the
output is calculated for each value of the constant input. The variance of the
conditional expectations is taken to get the variance of the output attributed to
changing the constant input.
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3.2.2

Sensitivity Analysis in Mechanism Design
The calculation of variance changes depending on the type of variables

evaluated. The input variables to Eqn. 3.6 are the geometric parameters of the
mechanism. For a specific mechanism the values for the inputs are obtained by
taking measurements. According to Weiss [46], a continuous random variable
typically involves measurement and is termed ‘continuous’ in part because the
random variable forms a continuum of real numbers. The variance of a continuous
random variable is
Z

∞

V ar(Y ) =

(y − µy )2 fy (y) dy

(3.7)

−∞

where V ar is the variance, Y is the desired output, y is the variable of integration,
µy is the sample mean of y, and fy (y) is the probability density function of the
variable y [46]. The calculation of this value for each input is difficult and time
consuming. As discussed in Sec. 2.5.4, utilizing Monte Carlo approximation of the
integral reduces the required computations.
3.2.3

Application of Sensitivity Analysis in Design
A Monte Carlo approximation of an integral makes the calculation of

variance less computationally expensive. The approximation transforms the integral
into a sum which is easily computed. The Monte Carlo integral approximation is

Z
f (y) dy ≈

N
1 X
f (Ui )
N i=1

(3.8)
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where f (y) is the function being integrated, Ui is a set of random inputs for each
sample, and N is the number of samples [47]. The Monte Carlo integral
approximation is used by Ishigami and Homma [40] and Sobol’ [42] to reduce the
necessary computations and is used in this thesis for the same purpose.
3.3

Synopsis
Potential energy is an abstract concept used in the definition of work done

by a conservative force. The change in potential energy is the work done, so the
relative amount of potential energy is of no consequence. In a plot of potential
energy vs. the generalized coordinate, the slope of the curve is the generalized force
and the mechanism pose of maximum potential energy is the toggle point. Plotting
the potential energy with respect to the generalized coordinate gives designers
insight into the operation of the mechanism and how changes to the design affect
mechanism behaviour.
Sobol’ sensitivity indices show the affect the variation of the inputs have on
the variation of the output. Using a Monte Carlo approximation of the integral
reduces the computations necessary to find the indices. Evaluating mechanism
designs with the indices shows designers the inputs that should be the focus of
improvements for the greatest effect on the output.
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CHAPTER 4
The Design Process

As seen in Ch. 2, several aspects of the design of toggle mechanisms have
been well defined, while others are lack such definition. Ch. 3 introduced the use of
potential energy and Sobol’ sensitivity indices to fill the gaps in the design process.
This chapter puts all the steps together into a cohesive design process.
The improved process for designing toggle mechanisms is outlined in Tab.
4.1, and presented as a flowchart in Fig. 4.1. Steps one, two, three, four, and seven
are well defined in literature. The inclusion of steps five and six in the design
process is the contribution of this thesis giving designers insight into the effects
design decisions have on the operation of mechanisms.

Table 4.1: Design Process
1. Create a portfolio of topologies, decide on the strongest candidate to try,
assign a ground link, and transform the topology to a mechanism layout.
2. Estimate mechanism parameters based on requirements as initial guesses.
3. Perform kinematic analysis on the mechanism.
4. Identify the generalized coordinate (for each transition if there are multiple).
5. Evaluate the potential energy of the mechanism with respect to the generalized coordinate(s) and plot it.
6. Conduct a sensitivity analysis and iterate mechanism parameters to meet
specifications. Choose a new topology if needed.
7. Optimize the design for desired outputs.
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Figure 4.1: Design Process Flowchart

4.1

Determination of Topology
The first step is to create a portfolio of topologies and transform the

strongest candidate to a mechanism layout. As discussed in Sec. 2.3, this step is
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well defined in the literature. The process developed by Olson et al. [13] is broken
into logical substeps, it includes several analysis techniques, and results in many
candidate topologies. First, topological synthesis is conducted to enumerate basic
kinematic chains using degree sequence, graph theory, or Assur groups. Second,
basic mechanisms are made from the kinematic chains by assigning the ground link
at as many locations as possible. Third, the basic mechanisms are evaluated to
determine if they are well suited to the design. Evaluation includes determining the
type and degrees of freedom, ways to apply the input(s), identifying the possible
output(s) to satisfy requirements, assigning joint types based on requirements, and
evaluating each mechanism based on requirements.
While this process finds many possible layouts for the mechanism design, it
lacks the ability to narrow those options to the best design, as many of the
evaluations presented are based upon engineering judgement and experience of the
designer. Steps five and six of the design process presented in Sec. 4.3 provide an
evaluation method that shows designers how the behaviour of the mechanism is
affected by design changes and which inputs have the greatest effect on the output.
4.2

Geometric Parameterization
The second step is to estimate mechanism parameters. Engineering

judgement should be used to find initial values for the parameters that will create a
mechanism close to specifications. Mechanism requirements and existing designs
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completing similar tasks are often used as a basis for determining the initial
parameters. A main consideration in this step is to select parameters such that the
mechanism is around the desired size. These values will be fine tuned in step six,
and as such the values selected here are initial inputs to the optimization in step
seven.
4.3

Analysis
The third step is to perform a positional kinematic analysis on the

mechanism, for example using the vector loop method, to determine the degrees of
freedom and general motion. The kinematics will be used in step five to determine
the potential energy in the mechanism. Also, solving for the motion of the
mechanism shows the various mechanism positions, providing designers with not
only the initial size of the mechanism but the space it takes up as it moves.
The fourth step is to identify the generalized coordinate, or coordinates if
there are multiple. A discussion on generalized coordinates and considerations for
choosing them can be found in Sec. 3.1.1. The coordinate should be selected such
that it changes throughout the motion of the mechanism. If the generalized
coordinate is the same for multiple poses of the mechanism, the plot created in step
five will not appropriately represent the mechanism. A reconfigurable mechanism
may require multiple plots to appropriately represent the mechanism. The selection
of generalized coordinate must be made with care, as the slope of the potential
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energy plot with relation to the generalized coordinate represents the generalized
moment for that coordinate. Ideally, the generalized coordinate relates to a
mechanism output, like the input or output link angle, such that the slope relates to
a mechanism specification, like the input or output force, so the analysis provides
the most pertinent information efficiently.
The fifth step is to evaluate and plot the potential energy with respect to the
generalized coordinate, a contribution of this thesis. The potential energy should be
on the vertical axis and the generalized coordinate on the horizontal axis. In these
plots, the slope relates the potential energy to the generalized forces acting in the
mechanism. Other time based plots, as discussed in Sec. 3.1.3, are for visualization
and do not contain this relationship. Additionally, the pose of the mechanism where
the potential energy is highest, the toggle point of the mechanism, can be seen on
the plot. The endpoints of the plot are the stable positions created typically by
physical stoppers implemented in the design. Ensuring the endpoints are on either
side of the toggle point means the mechanism will rest at those endpoints. Also,
because the change in potential energy is the work done by a conservative force, the
greater the difference in potential energy from the endpoint to the toggle point the
greater the force required to move the mechanism over the toggle point. The value
of potential energy is of no consequence to the operation of the mechanism because
the force relates to the change in potential energy. The potential energy plots give
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designers insights into how design changes affect the behaviour of the mechanism
and provide the basis for informed design changes.
A full kinetic analysis from the equations of motion in the time domain
provides more information than what is necessary in early stages of design. Design
engineering trade-offs are not evident in the highly non-linear differential equations
of motion. Furthermore, any trends must be simulated from these equations of
motion in the time domain using various geometric parameters, further obscuring
design trade-offs and increasing computational time. Using potential energy plots,
the link and grounded joint positions can be adjusted to find the desired toggle
point. The spring constant can be adjusted to provide the desired curvature of the
potential energy curve. These parameters are manipulated separately, decoupling
their effect on the mechanism. This approach allows kinematic design rather than
kinetic design/ analysis by simulating differential equations. The potential energy
plots bridge the gap between a pure kinematic analysis and a kinetic analysis which
makes the design process faster and provides the necessary information.
The sixth step is to conduct a sensitivity analysis and iterate mechanism
parameters to meet specifications. Unlike optimization where an objective function
must be known, sensitivity analysis only requires the inputs and outputs to be
evaluated. Sensitivity analysis is a well defined technique that shows the sensitivity
of the output with respect to the input as discussed in Sec. 3.2. Knowing the inputs
that have a high impact on the output without needing an objective function
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benefits early design iterations when exact target values may not yet be defined.
Having the sensitivities is also useful throughout the design process as target
parameters change. Mechanism updates can be focused to the high impact inputs
without needing an optimization.
The idea of focusing improvements on high impact inputs, known as the
Pareto principle, is used widely throughout engineering. Pareto charts are used to
visualize the impact of the inputs; histograms will likewise be constructed to
visualize Sobol’ indices in this thesis. Additionally, the sensitivity of several outputs
with respect to the inputs can be found with relatively small additional
computational time. The longer time cost comes from determining the outputs
themselves through the analysis. Being able to evaluate the sensitivity of multiple
outputs to the inputs provides designers a more detailed picture as to how design
changes affect mechanism behaviour which is especially useful when there are
typically multiple requirements for which the mechanism is being designed.
4.4

Optimization
The seventh step is to optimize the design. Optimization is well defined in

the literature and any of the processes discussed in Sec. 2.6 can be used in this step.
Several characteristics of the mechanism make good objective functions. The
mechanism pose at which the toggle occurs is a strong candidate optimization
target, as the behaviour of the mechanism is largely based on the toggle point.
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Additional targets that could be used for optimization include input force, output
link motion distance, amongst many other mechanism characteristics that can be
determined via classical analysis techniques. If a set of parameters can not be found
to match specifications, an alternate topology may be considered.
In addition to objective functions, constraints are often applied to the
optimization. Constraints typically come from design requirements and limit the
solution space. The solution space is the group of possible final designs based on the
design space, where the design space is the group of parameters the designer has
control over. The generalized forces of the mechanism found in step five are an
example of a constraint, as force is often a design requirement. The size of a
mechanism is often defined in the requirements and thus is a constraint on the
optimization as well. The optimization routine works within the constraints to fulfil
the objective function which is useful when finalizing a mechanism design.
4.5

Synopsis
The kinematics of (toggle) mechanisms are typically found using vector loop

methods. The design of toggle mechanisms is done as a function of position, but
some of the information from kinetics is necessary to be able to effectively design
toggle points. A full kinetic analysis from the equations of motion in the time
domain provides more information than what is needed in early stages of design.
Design engineering trade-offs are not evident in the highly non-linear differential

45
equations of motion. Furthermore, any trends must be simulated from these
equations of motion in the time domain using various geometric parameters further
obscuring design trade-offs and increasing computing time.
For these reasons, potential energy is good for design. It is based upon the
current state of the mechanism found through kinematics. Kinematics require far
fewer computations than kinetic and dynamic analyses making it cost effective and
easier to implement in the early stages of design. Plotting the potential energy with
respect to the generalized coordinate shows multiple mechanism behaviours on a
single plot, including the location of the toggle point, the location of the stoppers,
the stability in the desired positions, and (indirectly) the generalized moment at any
mechanism position. Potential energy analysis also gives designers insight into how
design changes affect the behaviour of the mechanism, leading to more informed
design decisions. Additionally, potential energy is a measure applicable to any
toggle mechanism, making it ideal for a general design process.
Sensitivity analysis is the other contribution of this thesis to the design
process. Sensitivity analysis is not a new technique, and applying it to the design of
toggle mechanisms provides insight into how design changes affect the mechanism,
similar to the evaluation of potential energy plots. The sensitivity indices show the
degree to which the variation of the inputs affect the variation of the output. This
relationship shows which inputs should be improved to affect the greatest
improvement on the output. Evaluating the sensitivity of multiple outputs to the
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inputs provides insight into the effect of design changes on mechanism behaviour,
resulting in a more efficient design process.
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CHAPTER 5
Application of the Design Process

The benefits of the design process discussed in this thesis are demonstrated
using several examples. Potential energy plots are created for two spring stiffness
values for each example to show how the plots change with design changes and how
the plots relate to the dynamic behaviour of the mechanism. Thus, the potential
energy plots show the effect design changes have on dynamic behaviours of the
mechanism while only calculating kinematic relationships.
The first order Sobol’ indices are calculated for each input in relation to the
potential energy using the tolerance range for each input at a specific pose. The
indices show which input’s variation has the greatest effect on the variation of the
potential energy. Sobol’ indices are normalized to one, so they can be converted to
the percent influence the input has on the output.
Examples are taken from various categories of toggle mechanisms to show
the design process in different applications: simple toggle, compliant toggle, and
reconfigurable toggle. The design process is applicable to any type of toggle
mechanism; these examples are only to show the applicability to various
mechanisms, not to imply these are the only acceptable types. The results from
each example are shown to match intuition.
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5.1

Assumptions
Several assumptions will be made to aid in the analysis. The equivalent

length model for joint clearances will be used as it is commonly used in Lee and
Gilmore [20], Wu and Rao [21], Zhang et al. [22], and Zhao et al. [23]. The clearance
of each joint is split between the two adjacent links. In the case where the length of
the link must be calculated as with the spring length, the full clearance is added to
the remaining link of the joint. It is also assumed that the pin is in constant contact
with the hole, and can only act in line with the link. These common approximations
are sufficient for the evaluation of mechanisms.
The kinematic analysis of step three is conducted using the vector loop
method. The vector loops used for these examples can be found in Appendix A.
For ease of visualization, all angles are defined in degrees. Conversion to
radians, which the calculations are conducted in, is done in the code which can be
found in Appendix B.
The potential energy of mechanisms typically comes from two sources:
gravity (the mass of the components), and the stiffness of the mechanism, typically
a spring. The following examples assume that the potential energy due to gravity is
small compared to that due to the spring stiffness; thus, gravitational potential
energy is neglected.
To calculate Sobol’ indices at a specific pose, two types of data sets are
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needed. First, a set of trials with a value for each input taken from the appropriate
tolerance distribution. The following examples assume a uniform distribution3 with
3σ spread. The number of trials should be sufficient to minimize error, where error
is taken as the difference between the overall variance and the terms used to
calculate it in the law of total variance. The number of trials sufficient to reduce
error was assumed to be 200. The second set of data comes from taking the first set
and replacing one input of data with a constant value. For the following examples,
the number of secondary data sets is equal to the number of trials such that the
constant value of the input for each secondary data set is equal to one of the entries
for that input from the first set. This pattern is repeated for each input.
The design space for a mechanism is the group of parameters the designer
has control over. The following examples assume that the designer has full control
over all parameters; however, that is not universally true. The design space often
depends on the mechanism requirements. The solution space is the group of possible
final designs based on the design space. The constraints imposed on the solution
space by the design space are important when optimizing a design.
All calculations were made on a Windows desktop machine with an AMD
Ryzen 7 PRO 2700X eight-core 3.6GHz processor. No parallel processing was used
and the code, which can be found in Appendix B, has not been optimized.
3. A uniform distribution is not required, but is used here for convenience. The
distribution should be chosen to best reflect the mechanism.
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5.2

Example 1 - Simple Toggle Mechanism
The first example evaluates a simple toggle mechanism shown in Fig. 5.1

(same as Fig. 1.1 with labels). This simple mechanism is typically used as a switch.
The straightforward analysis of this mechanism provides a basis for applying the
design process and ensuring the conclusions match intuition. This example also
shows the relationship between the mechanism behaviours of the generalized
moment and the toggle point to the plot characteristics of the slope and peak
respectively. Also shown is how changing those plot characteristics and thus the
mechanism behaviours is directly tied to a single mechanism parameter at a time,
the spring constant for the slope and the spring ground location for the toggle point.
5.2.1

Determination of Topology
Step one is to determine a topology and create a mechanism layout. The

purpose of this step is to define the overall shape and layout of the mechanism. For
this example the simple mechanism in Fig. 5.1 will be the mechanism layout. This
mechanism has one degree of freedom. Parameter definitions are shown in Fig. 5.1
as well. As discussed in Ch. 2, design requirements and existing mechanisms that
complete similar tasks can be used to determine if the layout is appropriate for the
mechanism purpose.
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Figure 5.1: A Simple Toggle Mechanism with Parameters Labeled

5.2.2

Geometric Parameterization
Step two is to estimate mechanism parameters. The purpose of this step is to

situate the mechanism in the proper design space, for example, the correct overall
size and shape to fit the requirements, as the evaluation and refinement of the
design are based on these initial inputs. Values for each parameter in this example
are arbitrarily chosen based upon common mechanisms and can be found in Tab.
5.1. Note that Cjoints is the clearance value applied to each pin joint. The
parameter values do not correspond to any specific mechanism, but are used for
pedagogical purposes. Tolerance values are chosen based on common manufacturing
tolerances. Values for θ are chosen such that the mechanism will travel across the
toggle line. For potential energy analysis, two k values are chosen as k1 and k2 and
two locations for the ground of the spring defined by X are chosen as X1 and X2 to
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Table 5.1: Geometric Parameterization of Example 1
Parameter
Value
Tolerance Units
X
X1 =0.013 X2 =0.026 0.00013
[m]
Y
-0.025
0.00013
[m]
r1
0.075
0.00013
[m]
l0
0.075
0.0075
[m]
k
k1 =10, k2 =15
1
[N/m]
θ
45-150
2
[deg]
Cjoints
0.0013
0.000025
[m]

highlight how the plots show design change impact on the mechanism behaviour.
For sensitivity analysis, the pose is chosen at the initial value such that the spring is
extended beyond the free length l0 and the spring constant is k1 . The following
steps provide the designer with insight to the operation of the mechanism, providing
a basis for the refinement of parameters to meet specifications.
5.2.3

Analysis
Analysis is the combination of steps three, four, and five. Step three is to

conduct a kinematic analysis to understand how the mechanism moves. The
purpose of this step is two fold. First, to verify that the mechanism moves such that
it can meet specifications. Second, to determine the kinematic equations used to
find the potential energy.
The kinematic equations were found using the vector loop method. More
details on the vector loop method can be found in Stanisic [7]. The vector loops are
defined in Fig. 5.2. The vector equation is
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Figure 5.2: Vector Loop for A Simple Toggle Mechanism
→
−
−
−
−
r1 − →
r2 − →
r4 + →
r3 = 0

(5.1)

from which the scalar equations

r1 sin(θ1 ) − r2 sin(θ2 ) − r4 sin(θ4 ) + r3 sin(θ3 ) = 0

(5.2)

r1 cos(θ1 ) − r2 cos(θ2 ) − r4 cos(θ4 ) + r3 cos(θ3 ) = 0

(5.3)

can be determined where each θ value is the angle between the X axis and the
respective vector. Defining θ1 as the input yields 2 equations and 2 unknowns, r2
and θ2 , which can be solved and subsequently used to calculate the potential energy.
Step four is to identify the generalized coordinate. There are two clear
options: an angle describing the location of the spring or an angle describing the
position of the link. The angle describing the location of the link, θ, as defined in
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Figure 5.3: Potential Energy of a Simple Toggle Mechanism Varying k

Fig. 5.1 is chosen as the generalized coordinate as it will provide the most pertinent
information.
Step five is to evaluate and plot the potential energy with respect to the
generalized coordinate, θ. The length of the spring is found using the kinematic
analysis in step three with parameter values given in Tab. 5.1. The potential energy
is plotted with respect to the generalized coordinate for k1 and k2 as seen in Fig. 5.3
and for X1 and X2 as seen in Fig. 5.4.
Given the definition of the generalized coordinate describing the angle of the
input link, the generalized force describes the moment needed to statically balance
the input link. As the slope of the potential energy curve increases, the moment
likewise increases. There are two ways to utilize this analysis. Fig. 5.5 shows the
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Figure 5.4: Potential Energy of a Simple Toggle Mechanism Varying X

slope of the potential energy seen in Fig. 5.3, and Fig. 5.6 shows the slope of the
potential energy seen in Fig. 5.4. Figs. 5.5 and 5.6 are a quasi-static analysis of the
mechanism.
As seen in Fig. 5.3, increasing the spring constant from k1 to k2 increases the
slope of the potential energy curve, thus increasing the required moment to
statically balance the mechanism. The ends of the plot verify that the mechanism
will indeed pass the toggle line, seen as the peak in Fig. 5.3 or as zero in Fig. 5.5,
before reaching the stoppers. The input angle θ1 where the potential energy is
maximum, representing the toggle line, does not change from k1 to k2 . The
difference in angle between the ends of the plot and the maximum in Fig. 5.3
indicates how far past the toggle point the mechanism travels.
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Figure 5.5: Slope of the Potential Energy of a Simple Toggle Mechanism Varying k

The same conclusions from analyzing Fig. 5.3 apply to Fig. 5.4 with one
major exception. Changing the location of the spring ground from X1 to X2
changes the angle at which the peak potential energy occurs. The change in location
of the spring ground changes both the toggle line as well as the generalized moment.
Step six is to conduct a sensitivity analysis and iterate the mechanism
parameters based on the performance. To bring the performance of all mechanisms
manufactured close to the designed performance, variation of the output, in this
case the potential energy, should be minimized. The Sobol’ indices show which
inputs should be the focus of improvement to accomplish this goal. The Sobol’
index is calculated for each input, X, with respect to the potential energy, Y , using
Eqn. 3.5. For this example, X1 and k1 at θ = 45◦ are used in the calculation of the
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Figure 5.6: Slope of the Potential Energy of a Simple Toggle Mechanism Varying X

indices for this example to avoid input interactions. More on interactions will be
discussed in Sec. 5.3. Fig. 5.7 is a histogram of the indices for each input. For the
given parameters the variance of the potential energy is dominated by the free
length of the spring.
5.2.4

Optimization
Step seven is to optimize the mechanism parameters to meet specifications.

As discussed in Ch. 2, optimization is a well defined process. To optimize the design
an appropriate objective function is found. The objective function is run through an
appropriate optimization routine to find the proper inputs. As such, the
optimization of the design is best done once the objective is known.
The selection of initial parameters in step two has a large impact on the
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Figure 5.7: Sobol’ Indices for a Simple Toggle Mechanism

results of the optimization. As such, the optimization of the design is best done
once the design is known to be within the proper solution space as determined by
the potential energy plots and sensitivity analysis from steps five and six,
respectively. An optimization routine is not applied to this example as the process
is already well defined in the literature.
5.2.5

Discussion
As seen in this example, the design process developed in this thesis provides

insight on the operation of the mechanism to the designer. The slope of the
potential energy plot is the generalized moment of the mechanism (i.e., the moment
required for static equilibrium). As seen in Fig. 5.3, increasing the spring constant
increases the slope, thus increasing the generalized moment of the mechanism. The
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peak of the potential energy plot is the toggle point of the mechanism. As seen in
Fig. 5.4, changing the location of the spring ground not only increases the
generalized moment, but it moves the location of the peak and thus moves the
toggle line. The ability to see these correlations from the potential energy plot
provides a basis for the designer to make informed design decisions.
This example also shows that the free length of the spring has the highest
influence on the potential energy of the mechanism for the given tolerances. This
result aligns with intuition as the free length comes directly into the squared term of
potential energy for a spring as seen in Eqn. 3.3. Additionally, the free length of the
spring has a high tolerance compared to most other parameters, with the exception
being the spring constant. The high tolerance further contributes to the high Sobol’
index for the spring free length, and thus aligns with intuition. To reduce the
variation of the potential energy and ensure all mechanisms manufactured match
the design intent, the variation of the spring free length should be reduced; however,
before making efforts to improve mechanism components it should be determined if
the variation of the potential energy is acceptable. Sobol’ indices show the variation
of which inputs have the greatest affect on the variation of the output, not whether
or not the variation of the output should be reduced.
The analysis took 12.5 minutes to compute on the system described in Sec.
5.1. One set of parameters in the potential energy analysis at 100 poses and a single

60
pose of the mechanism for the Sobol’ analysis for numerous sets of parameters were
evaluated, totaling 240,200 configurations.
5.3

Example 2 - Compliant Mechanism
The second example evaluates a compliant mechanism shown in Fig. 5.8.

This mechanism is typically used as a switch like Sec. 5.2, but the stiffness comes
from the compliance of a link instead of a spring. This example shows the design
process applied to a different type of mechanism provides the same useful
relationships between mechanism behaviours and plot characteristics as seen in Sec.
5.2. The pseudo-rigid-body model is used with assumed values for the link length r3
and spring constant k [1]. In Fig. 5.8, r1 , r2 , and r3 are rigid links and the
compliance of the mechanism is modeled as the torsional spring, k. More
information on the pseudo-rigid-body method can be found in Howell [8].
5.3.1

Determination of Topology
Step one is to determine a topology and create a mechanism layout. The

purpose of this step is to define the overall shape and layout of the mechanism. For
this example the compliant mechanism in Fig. 5.8 will be the mechanism layout.
This mechanism has one degree of freedom. Parameter definitions are shown in Fig.
5.8 as well. As discussed in Ch. 2, design requirements and referencing existing
mechanisms that complete similar tasks can be used to determine if the layout is
appropriate for the mechanism purpose.
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Figure 5.8: A Compliant Toggle Mechanism with Parameters Labeled

5.3.2

Geometric Parameterization
Step two is to estimate mechanism parameters. The purpose of this step is to

situate the mechanism in the proper design space, for example the correct overall
size and shape to fit the requirements, as the evaluation and refinement of the
design are based on these initial inputs. Values for each parameter in this example
are arbitrarily chosen based upon common mechanisms and can be found in Tab.
5.2. Note that Cjoints is the clearance value applied to each pin joint. These values
do not correspond to any specific mechanism, but are used for pedagogical purposes.
Tolerance values are chosen based on common manufacturing tolerances. Values for
θ are chosen such that the mechanism will travel across the toggle line. For
potential energy analysis, two k values are chosen as k1 and k2 to highlight how the
potential energy curves show design change impact on mechanism behaviour. For
sensitivity analysis, the pose is chosen at the initial value such that the spring is at
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Table 5.2: Geometric Parameterization of Example 2
Parameter
Value
Tolerance
Units
X
0.15
0.00013
[m]
Y
-0.1
0.00013
[m]
r1
0.1
0.00013
[m]
r2
0.13
0.00013
[m]
r3
0.25
0.00013
[m]
k
k1 =10, k2 =15
1
[Nm/rad]
φ0
90
9
[deg]
θ
19.5-70
2
[deg]
Cjoints
0.0013
0.000025
[m]

the free length φ0 and the spring constant is k1 . The following steps provide the
designer with insight to the operation of the mechanism, providing a basis for the
refinement of parameters to meet specifications.
5.3.3

Analysis
Analysis is the combination of steps three, four, and five. Step three is to

conduct a kinematic analysis to understand how the mechanism moves. The
purpose of this step is two fold. First, to verify that the mechanism moves such that
it can meet specifications. Second, to determine the kinematic equations used to
find the potential energy. The input link, r1 , is rotated about the joint at the origin
which moves r2 and thus rotates r3 about its grounded joint, changing the length of
the spring. The mechanism is biased to one of two stable poses about the toggle line
which moves slightly as r3 rotates.
Step four is to identify the generalized coordinate. For this example the
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Figure 5.9: Potential Energy of a Compliant Toggle Mechanism

input link, r1 , is evaluated; thus, θ, as defined in Fig. 5.8, is chosen as the
generalized coordinate as it will provide the most pertinent information.
Step five is to evaluate and plot the potential energy with respect to the
generalized coordinate, θ. The current length of the spring is found using the
kinematic analysis in step three with parameter values given in Tab. 5.2. The
potential energy is plotted with respect to the generalized coordinate for k1 and k2
as seen in Fig. 5.9.
Given the definition of the generalized coordinate describing the angle of the
input link, the generalized force describes the moment needed to statically balance
the input link. As the slope of the potential energy curve increases, the moment
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Figure 5.10: Slope of the Potential Energy of a Compliant Toggle Mechanism

likewise increases. Fig. 5.10 shows the slope of the potential energy seen in Fig. 5.9,
which is a quasi-static analysis of the mechanism.
As seen in Fig. 5.9, increasing the spring constant from k1 to k2 increases the
slope of the potential energy curve between the initial pose and the toggle pose, thus
increasing the moment required for static equilibrium. Note that the peak for the k2
curve is at a higher potential energy value than that of k1 . The higher potential
energy value itself is not what shows the higher moment, but rather the larger slope
over the same change in input angle, θ1 , is the indicates the higher moment. The
ends of the plot verify that the mechanism will indeed pass the toggle line, seen as
the peak in Fig. 5.9 or zero in Fig. 5.10, before reaching the stoppers. Additionally,
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Figure 5.11: Sobol’ Indices for a Compliant Toggle Mechanism

the mechanism will return to the stable position in both cases, seen as zero
potential energy in Fig. 5.9, or as the return to zero slope on either end of Fig. 5.10.
Step six is to conduct a sensitivity analysis and iterate the mechanism
parameters based on the performance. The Sobol’ indices show which inputs should
be the focus of improvement to reduce variation in the potential energy. The Sobol’
index is calculated for each input, X, with respect to the potential energy, Y , using
Eqn. 3.5.
Fig. 5.11 is a histogram of the indices for each input. For this example, k1
and θ = 25◦ are used in the calculation of the indices to avoid input interactions.
For the given parameters, the variance of the potential energy is dominated by the
free length of the spring, θ0 .
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Figure 5.12: Sobol’ Indices for a Compliant Toggle Mechanism with Interactions
Evaluating the same mechanism at θ = 19.5◦ yields a slightly different result.
As seen in Fig. 5.12, the index for θ0 is reduced to about 0.8 compared to about
0.95 for θ = 25◦ . The sum is no longer 1 as anticipated by the math; however, this is
not an error. This analysis only calculates first order indices, i.e., the individual
inputs; interactions between the inputs are not taken into consideration. It should
be evaluated whether further analysis is necessary based on the performance of the
mechanism before calculating interactions.
The interactions can be seen by constructing a representation of the
mechanism like Fig. 5.13. The angle of r3 has three distinct values resulting from
variation in the rest of the mechanism. The angles of θ1 are the most similar
between the virtually built mechanisms compared to θ2 and θ3 , as θ1 is one of the

67
inputs along with the link lengths and clearance values as seen in Tab. 5.3. To
completely define the mechanism, the angles for r2 and φ are calculated in step
three. The variation in the inputs causes the pose of the mechanism to change, as
seen in Fig. 5.13. The change in pose, specifically the change in φ, causes a change
in the potential energy which is reflected in the reduced sum of first order Sobol’
indices. It should be noted that certain sets of mechanism parameters and certain
mechanism poses have higher interactions than others. Care must be taken in the
analysis of configurations with interactions to properly understand the effect of
design decisions.
5.3.4

Optimization
Identical to Sec. 5.2.4, step seven is to optimize the mechanism parameters

to meet specifications. As discussed in Ch. 2, optimization is a well defined process.
To optimize the design an appropriate objective function is found. The objective
function is run through an appropriate optimization routine to find the proper
inputs. As such, the optimization of the design is best done once the objective is
known.
Again like in Sec. 5.2.4, the selection of initial parameters in step two has a
large impact on the results of the optimization. As such, the optimization of the
design is best done once the design is known to be within the proper solution space
as determined by the potential energy plots and sensitivity analysis from steps five

68

Figure 5.13: Representation of a Compliant Toggle Mechanism with Interactions

and six, respectively. An optimization routine is not applied to this example as the
process is well defined.
5.3.5

Discussion
As seen in this example, the design process provides insight on the operation

of the mechanism to the designer. The slope of the potential energy plot is the
generalized moment of the mechanism. As seen in Fig. 5.9, increasing the spring
constant increases the slope of the potential energy plot, thus increasing the
generalized moment of the mechanism. The ability to see these correlations from
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the potential energy plot provide a basis for the designer to make informed design
changes.
Additionally, the input or actuator moment required to quasi-statically
balance the mechanism throughout its motion is shown in Fig. 5.10. For this
mechanism, there is an initial moment required that increases over the first five
degrees θ1 increases. The moment required then decreases as θ1 increases until
reaching the unstable equilibrium position. Continuing to increase θ1 requires an
increasing moment, until it reaches fifty five degrees, where it decreases again. The
ability to see this complex change in input moment required of an operator or motor
allows the designer to adjust as needed to meet mechanism requirements.
This example also shows that the free length of the spring has the highest
influence on the variation of the potential energy of the mechanism at the evaluated
poses. This result aligns with intuition, as the free length comes directly into the
squared term of potential energy as seen in Eqn. 3.3. Furthermore, the free length
of the spring has a large tolerance compared to most other parameters, with the
exception being the spring constant. The large tolerance further contributes to the
high Sobol’ index for the spring free length, and thus the conclusions match with
intuition. To reduce the variation of the potential energy and ensure all mechanisms
manufactured match the design intent, the variation of the spring free length should
be reduced; however, as discussed in the first example, before making efforts to
reduce the variation it should be determined if the variation of the potential energy
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is acceptable. Sobol’ indices show the variation of which inputs have the greatest
effect on the variation of the output, not whether or not the variation of the output
should be reduced.
Further, this example shows that some sets of mechanism parameters and
poses introduce interactions between the inputs. The analysis conducted in this
example only accounts for first order effects, but interactions can be calculated if it
is determined to be necessary. It is generally desirable to minimize interaction
effects to maintain the benefits of designing with potential energy plots; namely, to
decouple the effect geometric parameters have on mechanism behaviours.
Lastly, the analysis took 20.8 minutes to compute on the system described in
Sec. 5.1. One set of parameters in the potential energy analysis at 100 poses and a
single pose of the mechanism for the Sobol’ analysis for numerous sets of parameters
were evaluated, totaling 320,200 configurations.
5.4

Example 3 - Reconfigurable Mechanism
The third example evaluates a reconfigurable mechanism shown in Fig. 5.14.

The mechanism is used in a clamping operation similar to commercially available
toggle clamps. This example shows the design process applied to a different type of
mechanism and demonstrates the same useful relationships between mechanism
behaviours and plot characteristics seen in Secs. 5.2 and 5.3. This example also
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Figure 5.14: A Reconfigurable Toggle Mechanism with Parameters Labeled

shows the relationship between the mechanism behaviours of the generalized
moment and the characteristics of the slope.
5.4.1

Determination of Topology
Step one is to determine a topology and create a mechanism layout. The

purpose of this step is to define the overall shape and layout of the mechanism. For
this example the mechanism in Fig. 5.14 will be the mechanism layout. Parameter
definition is also shown in Fig. 5.14. This mechanism has one degree of freedom for
each stage of motion. In the first stage of motion, before φ reaches zero, the spring
remains at the free length. Once φ reaches zero the second stage of motion starts
where r2 is locked in place and the spring changes length. As discussed in Ch. 2,
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design requirements and referencing existing mechanisms that complete similar tasks
can be used to determine if the layout is appropriate for the mechanism purpose.
5.4.2

Geometric Parameterization
Step two is to estimate mechanism parameters. The purpose of this step is to

situate the mechanism in the proper design space, for example the correct overall
size and shape to fit the requirements, as the evaluation and refinement of the design
are based on these initial inputs. Values for each parameter in this example are
arbitrarily chosen based upon common mechanisms and can be found in Tab. 5.3.
Note that Cjoints is the clearance value applied to each pin joint. Tolerance values
are chosen based on common manufacturing tolerances. Values for θ are chosen such
that the mechanism will travel through both stages of motion and across the toggle
line. For potential energy analysis, two k values are chosen as k1 and k2 and two
ranges of the input θ value (seen as two θEnd values in Tab. 5.3) are chosen to
highlight how the plots show design change impact on the mechanism behaviour.
For sensitivity analysis, the pose is chosen such that φ is zero, the spring is
compressed beyond the free length, l0 , and the spring constant is k1 . The following
steps provide the designer with insight into the operation of the mechanism,
providing a basis for the refinement of parameters to meet specifications.
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Table 5.3: Geometric Parameterization of Example 3
Parameter
Value
Tolerance Units
X
-0.20
0.001
[m]
Y
-0.30
0.001
[m]
r1
0.15
0.001
[m]
r2
0.15
0.001
[m]
l0
0.25
0.001
[m]
k
k1 =10, k2 =15
1
[N/m]
θStart
180
2
[deg]
θEnd
θEnd1 =290, θEnd2 =265
2
[deg]
Cjoints
0.01
0.001
[m]

5.4.3

Analysis
Analysis is the combination of steps three, four, and five. Step three is to

conduct a kinematic analysis to understand how the mechanism moves. The
purpose of this step is two fold. First, to verify that the mechanism moves such that
it can meet specifications. Second, to determine the kinematic equations used to
find the potential energy. The input link is rotated such that θ increases and the
spring acts as a rigid link until φ is zero. Once φ is zero, the mechanism reconfigures
to a new motion stage. There is no longer a change in φ and the spring compresses
as θ continues to increase. While this mechanism only has one degree of freedom, it
needs to be evaluated in two stages due to the change in function of the spring.
Step four is to identify the generalized coordinate. Like in Sec. 5.2, there are
two clear options: an angle describing the position of the input link or an angle
describing the position of the clamping link. Ideally the generalized coordinate
would be picked such that the clamping force at r2 would be easily calculated;

74
however, there is no motion in r2 during the second stage of the mechanism motion,
so φ would make a poor choice for a generalized coordinate. The input force is also
a desirable specification to calculate, thus θ is chosen as the generalized coordinate.
Step five is to evaluate the potential energy with respect to the generalized
coordinate, θ. The calculation of potential energy is similar to Sec. 5.2, ensuring the
spring is modeled appropriately for each motion stage. Before calculating the
potential energy curve the transition point between the two stages must be found,
i.e., when φ is zero. With the given mechanism parameters that transition occurs
when θ = 216.5◦ . The length of the spring is found using the kinematic analysis in
step three with parameter values given in Tab. 5.1. The potential energy is plotted
with respect to the generalized coordinate for k1 , θEnd1 and k2 , θEnd2 as seen in Fig.
5.15.
The generalized force describes the moment needed to statically balance the
input link. As the slope of the potential energy curve increases, the moment likewise
increases. Fig. 5.16 shows the slope of the potential energy seen in Fig. 5.15. Fig.
5.16 is a quasi-static analysis of the mechanism.
Fig. 5.15 is similar to Fig. 5.3 because once φ is zero the rest of the
mechanism motion (stage 2) is a different orientation of the mechanism in Fig. 5.1,
so the analysis is the same. In a clamping application, the mechanism needs to go
past the toggle point so it remains clamped but it is desirable to have a high
clamping force output (i.e., the spring having a high deflection), which is controlled
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Figure 5.15: Potential Energy of a Reconfigurable Toggle Mechanism

by selecting the desired ending potential energy value close to the toggle point and
editing the θEnd value to match. The θEnd and k values were changed, the result of
which is reflected in Fig. 5.15. Neither of these changes affect the first stage of
motion so there is no need to plot it a second time. The change in k had the same
effect as in Sec. 5.2, increasing the required moment to move the mechanism.
Moving θEnd closer to the toggle pose means the spring is further compressed and
thus the mechanism exerts more clamping force.
Step six is to conduct a sensitivity analysis and iterate the mechanism
parameters based on the performance. To bring the performance of all mechanisms
manufactured close to the designed performance, variation of the output should be
minimized. The Sobol’ indices show which inputs should be the focus of
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Figure 5.16: Slope of the Potential Energy of a Reconfigurable Toggle Mechanism

improvement to accomplish this goal. The Sobol’ index is calculated for each input,
X, with respect to the potential energy, Y . For this example, k1 at θ = 230◦ is used
in the calculation of the indices for this example to avoid input interactions. Fig.
5.17 is a histogram of the indices for each input. For the given parameters, three
inputs have the most effect on the variance of the potential energy: Y , l0 , and r1 .
Because two of the influential parameters are links that include clearances, it is best
to separate the effects of the clearances from those of the links to best focus efforts
of improvement. The values of the indices do not add to one (as also seen in Sec.
5.3), so interactions between the inputs are present.
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Figure 5.17: Sobol’ Indices for a Reconfigurable Toggle Mechanism

5.4.4

Optimization
Identical to Secs. 5.2.4 and 5.3.4, step seven is to optimize the mechanism

parameters to meet specifications. As discussed in Ch. 2, optimization is a well
defined process. To optimize the design an appropriate objective function is found.
The objective function is run through an appropriate optimization routine to find
the proper inputs. As such, the optimization of the design is best done once the
objective is known.
Like Secs. 5.2.4 and 5.3.4, the selection of initial parameters in step two has a
large impact on the results of the optimization. As such, the optimization of the
design is best done once the design is known to be within the proper solution space
as determined by the potential energy plots and sensitivity analysis from steps five
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and six, respectively. An optimization routine is not applied to this example as the
process is already well defined in the literature.
5.4.5

Discussion
As seen in this example, the design process provides insight on the operation

of the mechanism to the designer. The slope of the potential energy plot is the
generalized moment of the mechanism. As seen in Fig. 5.15, increasing the spring
constant increases the slope, thus increasing the generalized moment of the
mechanism. The ends of the plots are the stopper locations. Changing θEnd to move
the stopper location corresponds to moving a physical stopper in the mechanism
design. The ability to see these correlations from the potential energy plots provides
a basis for the designer to make informed design decisions.
This example once again shows that the free length of the spring has the
highest influence on the potential energy of the mechanism for the given tolerances.
This result aligns with intuition as the free length comes directly into the squared
term of potential energy for a spring as seen in Eqn. 3.3. The other two influential
inputs are Y and r1 . Given that Y and r1 are both link lengths with the clearance
of the joints included per the equivalent length assumption, it may be prudent to
separate the influence of the link length from the clearance and conduct another
sensitivity analysis. To reduce the variation of the potential energy and ensure all
mechanisms manufactured match the design intent, the variation of the identified
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inputs should be reduced; however, before making efforts to conduct further analysis
or improve mechanism components it should be determined if the variation of the
potential energy is acceptable. Sobol’ indices show the variation of which inputs
have the greatest effect on the variation of the output at a particular pose, not
whether or not the variation of the output should be reduced.
This analysis took 15.6 minutes to compute on the system described in Sec.
5.1. One set of parameters in the potential energy analysis at 100 poses and a single
pose of the mechanism for the Sobol’ analysis for numerous sets of parameters were
evaluated, totaling 280,200 configurations.
5.5

Overall Discussion
As seen in the examples, the design process provides insight to the designer

on the operation of the mechanism. Determination of topology provides the overall
layout of the mechanism. Geometric parameterization provides an initial input to
the design of the mechanism. Additionally, it provides the starting point for
optimization and thus in part determines the solution space.
Through conducting a kinematic analysis of the mechanism, the designer
verifies that the mechanism moves in such a way that it can meet requirements, and
determines the equations used to calculate the potential energy. Selecting the
generalized coordinate sets up the evaluation of the potential energy plot by
determining where the generalized moment is found.
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Potential energy plots readily provide information pertinent to the design of
toggle mechanisms and fulfillment of specifications. The plot is used to define the
range of the mechanism’s motion based on how far past the toggle point the
mechanism needs to go. As anticipated, all three examples show the increase in
moment required to statically balance the mechanism with an increase in spring
constant, which also provides a more robust snapping action after the mechanism
passes the toggle point. The potential energy plots created using geometry and the
vector loop method show the relationship between changing mechanism parameters
and the desired mechanism outputs.
Potential energy graphs decouple the effects of link lengths and positions of
grounded joints from the spring constant or other sources of potential energy. It is
difficult to see the relationships between parameters and their effects on the
mechanism in the equations of motion. Using potential energy plots, the link and
grounded joint positions can be adjusted to find the desired toggle point as seen in
Sec. 5.2. The spring constant is adjusted to provide the desired curvature of the
potential energy curve as seen in all three examples. These parameters are
manipulated separately, decoupling their effect on the mechanism. This approach
allows kinematic analysis rather than kinetic analysis which requires simulating
differential equations. The potential energy plots bridge the gap between a pure
kinematic analysis and a kinetic analysis which makes the design process faster and
provides pertinent information.
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It is assumed in these examples, and in this thesis, that evaluating only the
potential energy in Lagrange’s equation is sufficient for analysis. This assumption
becomes less true the more the kinetic energy contributes. For example, if the mass
is high or the velocity is high, the kinetic energy has a higher impact on the
generalized force. More research is needed to determine at what point evaluating
with only potential energy loses validity.
Sobol’ indices provide insight into what factors have the greatest effect on
the variation of the evaluated output. All three examples show the application of
the indices to different toggle mechanisms and the indices align with intuition.
These examples show the application and interpretation of Sobol’ indices with
common toggle mechanisms. The advantages of this analysis method increase in
more complex, less intuitive applications. Sobol’ indices can be applied to any
mechanism and evaluate the variation with respect to any desired output.
The examples show that the free length of the spring has the highest
influence on the potential energy of the mechanism. This result aligns with intuition
as the free length comes directly into the squared term of potential energy for a
spring as seen in Eqn. 3.3. Sec. 5.4 shows what the potential spread of indices may
look like if there is no single dominating input; several important inputs are
revealed. Recalling that the total of the indices are normalized to 1, it follows that if
there is no dominating index, several may have similar magnitude. The results from
the Sobol’ sensitivity analysis follow intuition and can be applied to any mechanism.
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Sobol’ indices inform the decisions made in the design of mechanisms. In the
case where the spring constant or free length dominates the variance, such as in Sec.
5.2 or Sec. 5.3, lowering tolerances on the links or clearances in the joints will not
improve the performance of the mechanism with respect to the potential energy, as
the variation is almost completely attributed to the variation in the free length of
the spring. Conversely, in a case such as Sec. 5.4, Y , l0 , and r1 should be the area of
focus to best reduce the variance of the potential energy if it is determined to be
necessary based on mechanism performance. Sobol’ indices inform design decisions
by showing the inputs with the greatest influence on the variation of the output.
Due to the normalization of the indices, analysis of the system after changes
are made may be conducted without rerunning all calculations in certain situations.
If it were deemed that the tolerance of the most influential factor could be reduced,
the index for that factor is reduced and the remaining indices scaled appropriately.
This numerical calculation eliminates the need to re-run calculations, greatly
reducing computation time. This simplification is possible due to the normalization
of Sobol’ indices and does not apply to other sensitivity analysis methods that
provide non-normalized indices.
Additionally, if the indices do not sum to one as seen in Secs. 5.3 and 5.4,
there may be interactions between the inputs. The analysis in these examples only
account for first order effects, or the individual inputs. Higher order effects can be
calculated if deemed necessary to reduce the variation of the output to meet
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specifications. Determining the interaction effects would also further understanding
of the connections between the mechanism parameters and behaviour; however,
interactions between the inputs reduce the decoupled nature of the potential energy
analysis, making the analysis more difficult. Care should be taken to properly
understand mechanism designs with interactions to make design trade-offs clear and
the design process efficient.
All three examples used the potential energy in the mechanism as the output
to calculate Sobol’ indices, but other outputs may be of interest. Some of these
outputs include the maximum value of the potential energy, the pose of the
maximum potential energy, the slope of the potential energy, or the force output
from the mechanism. Any output desired can be the basis of calculation for the
indices. However, evaluating the indices for these outputs at the toggle point
requires care as the pose at which the toggle point occurs may change for each set of
parameters. Some may require studies of indices at varying poses of the mechanism
where the change in the index for each input may be of consequence along with the
values of the indices at each pose. Analyzing how the indices change throughout the
range of the mechanism may be of interest as well, which would require calculation
of the indices at many poses. The number of required poses is reduced should the
designer increase the angle between poses in relatively unimportant areas and
decrease the angle between poses in areas of interest, like the toggle point or near
stoppers.
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One output that is of interest to study is the speed of the mechanism. From
an energy perspective, speed is incorporated via the kinetic energy. Referring back
to Lagrange’s equation (Eqn. 3.2), the first two terms incorporate kinetic energy.
There are two aspects of incorporating kinetic energy that make the analysis more
difficult than a purely potential energy analysis. First, the first term in Lagrange’s
equation differentiates with respect to time. Incorporating a time based analysis
requires more computations which, like a full dynamic analysis, may make the
overall computational time too high to be practical, especially in early stages of
design. The second difficulty in incorporating kinetic energy analysis is that the
results are highly based on proper representation of the link geometry and masses.
High fidelity representations of the mechanism may be impractical in early stages of
design when it is undesirable to spend time designing to such levels of detail before
knowing if the mechanism will function to meet specifications.
An alternate way to incorporate speed into the analysis is by using the
Jacobian. The Jacobian is based on partial derivatives of the equations of motion
which are already derived in this analysis, however unlike the kinetic energy which
is a time based measure, the Jacobian is based on the change in input and knowing
either the input or output speed. Knowing a speed may not be an issue; if analyzing
the speed is important to the operation of the mechanism there will often be a
speed specification which can be referenced.
If the indices for multiple outputs with a given mechanism are to be found,
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all calculations need not be repeated for each output. Given that the calculation of
Sobol’ indices occurs using the set of inputs and corresponding outputs, multiple
outputs can be calculated at once for a single set of inputs. Calculating the
kinematics of the mechanisms will typically be more computationally expensive
than the calculation of the indices. Determining the desired outputs and calculating
them at the same time is another strategy to reduce overall computational time.

86
CHAPTER 6
Conclusion and Future Work

6.1

Conclusion
Designing with potential energy aids in geometrically parameterizing planar

multistable mechanisms, a process which was previously left ambiguous. Plotting
the potential energy shows the quasi-static force (or moment) needed to balance a
mechanism, the toggle position, and the stopper locations, and relates these
mechanism characteristics to design parameters. This thesis outlines a design
process which uses potential energy graphs to inform engineering decisions made in
designing mechanism parameters giving designers higher confidence in their design.
Sobol’ indices aid in the design of toggle mechanisms showing designers the
inputs to focus on for highest impact on reducing the variation of the output. To
reduce the variation of the output the variation of the input with the highest index
should be reduced, if deemed necessary based upon mechanism performance in
relation to the requirements. Any number of outputs can be evaluated using Sobol’
indices. The choice of output to study should match with the purpose of the
mechanism. Additionally, when the sum of the first order indices does not equal
one, interactions between the inputs exist. Interactions reduce the decoupled nature
of the mechanism parameters and behaviours that is beneficial from a potential
energy plot analysis. Thus, despite being able to calculate interaction indices if
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needed, care should be taken to avoid mechanism designs with interactions to make
design trade-offs clear and the design process efficient.
The potential energy plots combined with the sensitivity indices show the
relationship between the design inputs of the mechanism and its performance.
These results give the designer background to make informed design changes that
put the mechanism in the desired solution space to meet requirements. An
optimization routine applied to the design determines the optimum inputs to meet
the requirements.
The design process presented in this thesis is a contribution to the design of
planar multistable mechanisms, providing a path from initial topology concepts to a
mechanism design that meets requirements and provides insight to designers
allowing them to make informed design decisions. However, several common
assumptions were made that should be validated to gain full confidence in this
process, including the equivalent length model for joint clearances and the
negligibility of gravitational potential energy. The analysis conducted in this design
process does not account for any energy lost to friction, vibrations, or other sources,
an inevitability in any design. Incorporating methods to encompass these losses
would create a model more closely resembling physical prototypes. Additionally,
several methods for reducing the calculations required to determine Sobol’ indices
have been developed and could be incorporated to further reduce calculation time.
Lastly, there are a variety of analysis tools that have been developed for classical
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mechanisms that could extend to the design of toggle mechanisms with the use of
potential energy. Validating the common assumptions, incorporating energy losses
and calculation reduction methods, and enveloping classical mechanism design
techniques would improve the design process presented in this thesis, providing an
enhanced tool to benefit designers.
Additionally, the optimization of the mechanism was discussed; however, an
objective function was not determined. The optimization target largely depends on
the function of the mechanism. Running an optimization on either the value or the
slope of the potential energy may cause some issues. First, maximizing the slope of
the potential energy maximizes the quasi-static forces to balance the mechanism,
making it potentially harder to move with more input force required but switching
speeds may be fast. High forces may be desirable for some applications like
clamping, but care would be required to ensure the mechanism can get to the
clamping state (i.e., that the mechanism can be moved with an appropriate input
force). Similarly, minimizing the slope of the potential energy minimizes the
quasi-static forces to balance the mechanism, making it potentially easier to move
with less input force required but switching speeds may be slow. Further
complicating the optimization, there are often several competing requirements
imposed on the design, and many mechanism parameters over which the designer
has control. These factors lead to a complex multi-objective optimization, which is
traditionally difficult.
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The evaluation of reconfigurable mechanisms relies on the ability to either
define one generalized coordinate that is effective over all stages of motion, or define
a generalized coordinate for each stage of motion (or some combination of stages).
The detriment to these options is that often the generalized coordinate that would
provide the most pertinent information is one that does not change over the whole
motion of the mechanism, and multiple generalized coordinates leads to multiple
plots which obfuscates the input-output relationships. Sobol’ indices help fill in the
picture of the input-output relationships in this case, but other methods may be
found that are better suited to the design of reconfigurable mechanisms.
Sobol’ indices in this thesis were calculated for a single mechanism pose. In
the design of a mechanism, it would be desirable to know the indices for all poses.
One way to accomplish this is to calculate the indices at all poses, and construct a
3-D histogram. From the 3-D histogram, pose dependent changes in the indices
would be evident. The glaring pitfall of this method is that the indices need to be
calculated for each individual pose, increasing computation time as more poses are
introduced. However, it may be sufficient to maintain large differences between
poses, minimizing the increase in computation time while still gaining the visibility
on the trends of the indices.
As discussed in Ch. 2, there are many methods of analysis within the global
sensitivity space. This thesis used Sobol’ indices, a variance based index, to
determine the relationship between the variance of the inputs and the variance of
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the output. This same relationship can be seen using scatter plots, for example, in
any trends that appear when plotting each input versus the output of interest.
Additionally, there is potential to investigate interactions with 3-D scatter plots
which may reveal the same trends seen from calculating interaction indices.
Constructing additional plots requires minimal additional computational time
compared to the calculation of Sobol’ indices, so this method would be beneficial for
quickly evaluating several mechanism layouts if none stood out as better than the
others.
Scatter plots not only show the range in output for the range in input,
mimicking the results from Sobol’ indices, but they show the value of the output for
the value of the input. Other analysis methods can be applied to the design to show
the relationship between the value of the inputs and the value of the output. A
design of experiments, for example, show these trends, and methods such as
factorial or fractional factorial analyses do so while reducing computational time.
The downside to some methods, such as the fractional factorial analyses, is that
conclusions can only be drawn for the values of the inputs used for the analysis.
General trends are not always found, which may be more beneficial depending on
the progress of the design.
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6.2

Future Work
Future work includes applying the design process to a mechanism that is

subsequently built and tested to verify the common assumptions, including that the
potential energy can be taken purely from the component with stiffness (i.e., that
the gravitational potential energy truly is negligible) and the equivalent length
model for joint clearances given the high reliance of toggle mechanism on revolute
joints. Additionally, this thesis does not account for any energy lost to friction or
vibration in the mechanism. It should be determined how to include a consideration
for energy losses in the design process. Validating these assumptions or determining
the proper corrections, like a Rayleigh dissipation term, will further improve the
design process.
As discussed in the conclusion, there are often several competing
requirements imposed on mechanism designs, and many mechanism parameters over
which the designer has control. Methods to either avoid or make complex
multi-objective optimizations more accessible to design processes would enhance the
ability of designers to efficiently create designs that meet requirements.
Many other sensitivity analysis methods other than Sobol’ indices have been
developed for various applications. Given the variety of sensitivity evaluation
methods available, investigation into the most appropriate methods and what
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information different methods could provide in relation to planar multistable
mechanism design should be pursued.
As seen in Ch. 5, the value of the potential energy was not taken as
important, but the change in potential energy for the change in generalized
coordinate - the slope - was important. However, in conservative systems, the total
amount of energy stays the same, meaning if the potential energy is higher for the
same amount of total energy in the system, the kinetic energy must be lower. As
discussed, mechanisms have friction which dissipates energy from the system, but
depending on how much energy is dissipated, evaluating the overall level of potential
energy may give an indication to the amount of kinetic energy, and thus the speed
that the mechanism moves. A mechanism should be built and tested to compare the
energy in the system at different poses to the model and to determine the extent to
which energy losses affect the mechanism behaviour.
Potential energy graphs can be extended with classical kinematic synthesis
and analysis tools. Techniques like Burmestor theory to solve the three position
problem or function generation can be combined with potential energy graphs.
Potential energy graphs are the link between classical mechanism techniques and
toggle mechanisms. Applying potential energy to these established mechanism
design techniques will provide more tools designers can use in the development of
toggle mechanisms.
Further accounting for kinetic energy would provide a more full picture of
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the mechanism and how it behaves. Taking Lagrange’s equation discussed in Ch. 3,
there are three other terms that have yet to be investigated:

d
dt



∂T
∂ q̇j



,

∂T
,
∂qj

and Qj .

Evaluation of kinetic energy can follow from the quasi-static vector loop analysis
with use of the Jacobian. However, the Jacobian could only be used to determine
∂T
,
∂qj

not

d
dt
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∂T
∂qj

and

∂V
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d
dt



∂T
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and

and, if so, how to include them in the

analysis, and what further conclusions can be drawn from analysis incorporating
these terms.
The inclusion of kinetic energy and speeds in the analysis leads to another
area of interest: the dissipation of energy as the mechanism reaches the stopper
locations. It stands to reason that given maximum potential energy at the toggle
point, somewhere in the middle of the range of motion, the maximum kinetic
energy, and thus the maximum velocity, occurs at the ends of motion, where
potential energy in the mechanism is minimal. High velocities at the end of motion
can lead to high impact forces, vibrations through the mechanism, and potentially
the mechanism bouncing off the stoppers. Consideration to the effect of impact
forces, vibrations, and bouncing off the stoppers should be made as further analysis
techniques and the evaluation of kinetic energy are explored. As mentioned,
including a Rayleigh dissipation term may be a good way to account for these
energy losses.
The design methods in this thesis proved to enhance the design of toggle
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mechanisms, leading to the question of whether this method can be beneficial to the
design of other types of mechanisms. Several determinations would need to be
made, including whether the evaluation of gravitational potential energy would be
sufficient as opposed to potential energy from stiffness, and if kinetic energy would
be required. Overall, this design process is applicable to the design other types of
mechanisms.
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APPENDIX A
Vector Loop Analysis

This thesis uses the vector loop method to calculate the kinematics of the
examples. More information on the vector loop method can be found in Stanisic [7].
The vector loops for the three examples are found in Figs. A.1, A.2, and A.3.

Figure A.1: Vector Loop for a Simple Toggle Mechanism (repeated from Fig. 5.2)
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Figure A.2: Vector Loop for a Compliant Toggle Mechanism
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Figure A.3: Vector Loop for a Reconfigurable Toggle Mechanism
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APPENDIX B
Design Analysis MATLAB Code

The code for calculating the examples in Ch. 5 is found in the following
sections. The code is arranged by purpose and, as necessary, by function as in some
cases the three examples each have their own functions. Note that all inputs are
contained in the inputs structure and all outputs in the outputs structure for ease of
passing through functions and saving data.
B.1

Design Process Analysis Code
This code is the overall file controlling the analysis. The input decisions are

made in this file, and it pulls on Excel input files for parameter values and sub
functions to complete calculations. The Excel file layouts can be found in Appendix
C.

105

106

107

108

109

110

111

112
B.2

Setup Functions
Two functions setup the parameter spaces for analysis; one for Sobol’ analysis

and one for travel analysis. They take the inputs of the geometric parameters and
tolerances for the mechanism and output parameter space matrices.
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B.3

Example Objective Functions
The objective functions contain the fsolve loops to determine the kinematics

of the mechanism and calculate the potential energy and slope for each pose. There
is an objective function for each example. The objective functions for Sobol’
analysis end in ‘Obj’ and the functions for travel analysis end in ‘Travel’. The
parameter space is the input and the unknown parameters, potential energy, and
slope of the potential energy are the outputs.
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B.4

Vector Loop Equation Functions
The vector loop equations for each example are contained in their own

functions. For each example there is one function for Sobol’ analysis ending in
‘Calcs’ and one for travel analysis ending in ‘CalcsTravel’. The parameter space and
loop iteration are input and the respective unknowns are output: r2 and θ2 for
simple toggle, θ2 and θ3 for compliant toggle, and r2 and θ2 for reconfigurable
toggle.
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B.5

Sobol’ Functions
There is one function for calculating the Sobol’ indices and one for plotting

the inputs vs. potential energy for visually verifying if the indices make sense. The
inputs to the Sobol’ indices calculations are all mechanism parameters and the
corresponding potential energy and the output is the indices. The inputs to the
plotting function are all mechanism parameters and the corresponding potential
energy and the output is the plots.
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B.6

Plotting Code
The code for plotting comparisons between sets of mechanism parameters is

a separate file. As seen in Sec. B.1, the input and output structures are both saved
so they can be analyzed later without re-running the calculations. The data is read
back into MATLAB and plotted as needed. Note that legends should be updated as
appropriate to reflect the data sets being compared.
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APPENDIX C
Example Input Excel Documents
The inputs in Excel document form for calculating the examples in Ch. 5 are
found in the following sections.
C.1

Example 1 Inputs
The Excel document used for inputs to Example 1 is found below.

C.2

Example 2 Inputs
The Excel document used for inputs to Example 2 is found below.
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C.3

Example 3 Inputs
The Excel document used for inputs to Example 3 is found below.

